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ON THE MORPHOGENESIS OF PLANETARY NEBULAE
D. Da Rocha1 and L. Nottale1
We generalize the hydrodynamic standard
equations by including the eects of the frac-
tality of particle trajectories. We nd that
the resulting matter density is characterized
by a probability distribution of ejection angles
that have peaks for some specic values.
In a typical stellar mass ejection process, the in-
teraction between fast and slow winds is described
in the standard approach by hydrodynamic (Euler-
Newton/continuity) equations. We suggest a gen-
eralization of this approach, in which we assume
that particle trajectories are subjected to three con-
ditions: (i) fractality of each individual trajectory,
(ii) innity of possible trajectories leading to a uid-
like description v = v(x(t);t), and (iii) the reection
invariance under the transformation (dt $  dt) is
broken as a consequence of non-dierentiability, thus
leading to a two-valuedness of the velocity vector
described by a complex velocity, V = (v+ + v )=2  
i(v+ v )=2. These three eects can be combined to
construct a complex time derivative operator d0=dt =
@=@t+V:r iD4 (Nottale 1993, 1996, 1997; C el erier
& Nottale 2003). Finally, the real and imaginary
parts of the fundamental equation of dynamics (writ-
ten using this operator: d0V=dt =  r=m), gives
back the standard system:
m

@
@t
+ V  r

V =  r( + Q); (1)
@
@t
+ div(V ) = 0: (2)
That is, the Euler-Newton and continuity equation,
but with an additional eective potential energy Q =
 2mD24
p
=
p
.
As a rst order approximation, we assume the
resultant force to be vanishing, i.e., the  poten-
tial energy is constant (Corradi 1999; Dwarkadas,
Chevalier, & Blondin 1996; Garc a-Segura, L opez, &
Franco 2001). For stationary solutions we rewrite the
[;V ] system (equations 1, 2) in terms of a unique
[r;t] complex equation that is written (Nottale 1993;
C el erier & Nottale 2003)
D2 4 f + iD
@f
@t
 

2m
f = 0: (3)
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Fig. 1. Solution morphologies.
Solutions like f(r;t) = g(r)exp( iEt=2mD) are al-
lowed by this case, thus we obtain 2mD2 4 g(r)  
Eg(r) = 0, with E = p2=2m = 2mD2k2, the energy
of a free particle, and  = jgj2. The spherical Lapla-
cian governs the use of the spherical harmonics and
the general solution is now constrained by conserva-
tion of angular momentum. This solution is written
g(r) = R(r)Y ^ m
l (;). The specicity of the angular
part of the solution, Y ^ m
l (;), allows one to present
the following results (Da Rocha & Nottale 2003):
1. Numerical values of ejection angles with
higher probabilities.
2. Discretization of possible morphologies. All
solutions can be classied in three categories: (i)
spherical and elliptical shapes, (ii) axial shapes, and
(iii) bipolar shapes (see Figure 1).
3. Formation of disc/jet/cone-like structures.
The recent observations of stable discs associated
with axial ejections or bipolar shells are consistent
with the proposed morphologies.
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